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Abstract-Let , and let . For a nondegenerate simplex , by we denote the homothetic copy of with center of homothety in the center of gravity of and ratio of homothety . By we mean the minimal such that . By let us denote the minimal such that is contained in a translate of . By we denote the th axial diameter of , i. e. the maximum length of the segment contained in and parallel to the th coordinate axis. Formulae for , , were proved earlier by the first author. Define Always we have
We discuss some conjectures formulated in the previous papers. One of these conjectures is the following. For every , there exists , not depending on , such that an inequality holds. Denote by the minimal with such a property. We prove that ; for , we obtain . If and then . The equality holds if is an Hadamard number, i. e. there exists an Hadamard matrix of order . This proposition is known; we give one more proof with the direct use of Hadamard matrices. We prove that . Therefore, there exist such that is not an Hadamard number and nevertheless . The minimal with such a property is equal to . This involves and also disproves the following previous conjecture of the first author concerning the characterization of Hadamard numbers in terms of homothety of simplices:
is an Hadamard number if and only if This statement is valid only in one direction. There exists simplex such that the boundary of the simplex contains all the vertices of the cube . We describe one-parameter family of simplices contained in with the property These simplices were found with the use of numerical and symbolic computations. Another new result is an inequality . We also systematize some of our estimates of numbers , , provided by the present day. The symbol denotes the minimal norm of interpolation projector on the space of linear functions of variables as an operator from to .
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1. MAIN DEFINITIONS AND DENOTATIONS In his previous papers and monograph [6] , the first author considered certain numerical and geometric characteristics of -dimensional convex bodies, as well as applications of these characteristics to polynomial interpolation. In the recent paper [8] these theoretical investigations were supplemented by computations with the use of the specially created computer programs. This approach gave the authors an opportunity to improve some estimates and to express some conjectures. The present paper continues the same thematic line.
We start with main definitions. Throughout this paper and symbol denotes -dimensional unit cube For a nondegenerate simplex , by we mean the homothetic copy of with center of homothety in the center of gravity of and ratio By we denote the th axial diameter of , i.e., the maximum length of a segment in parallel to the th coordinate axis. The term axial diameter of 1 The article was translated by the authors.
a convex body was introduced by Scott [14] , [15] . Symbol denotes the set of vertices of polytope . For a nondegenerate simplex and a convex body in , define Polynomial has the property , where is the Kronecker delta. For , the numbers appear to be barycentric coordinates of with respect to . Polynomials have important applications to linear interpolation of functions in variables according to the nodes coinciding with vertices of . We call basic Lagrange polynomials corresponding to simplex . For more details about these polynomials, see [6; chapter 1] .
It is proved in [4] that the th axial diameter of satisfies an equality
This result was generalized on a line segment in of maximum length parallel to an arbitrary vector (see [7] ). Now we give some computational formulae for numerical characteristics defined by means of homothety. Let be a nondegenerate simplex and let be a convex body in It is obtained in [6; §1.3 ] that in the case we have
holds if and only if simplex is circumscribed around , i. е., each -dimensional face of this simplex contains a point of . If , then (2) may be rewritten in the form (4) and (3) is equivalent to a relation (5) For an arbitrary nondegenerate simplex , we have an equality (6) Two different proofs of this equality and also its interesting corollaries are given in [13] (in addition, see [6; chapter 1]).
Let be the vertices of nondegenerate simplex . Interpolation projector corresponding to the set of nodes is defined by equalities Norm of as an operator from to may be calculated on the formula
Denote by the minimal value of . For each projector and corresponding simplex , following inequalities are valid:
These inequalities were proved in [5] . Also in [5] the first author obtained necessary and sufficient conditions to the case when the righthand relation in (7) becomes an equality. For each , it follows from (7) that (8) For more details on relations (7), (8) and their generalizations see [2, 3, 5, 6] . Starting with some , the right-hand inequality in (8) becomes strict. Nevertheless, for , it turns into equality. The authors conjectured (see [8] ) that minimal such that is equal to .
If
, then . It easily follows from (6) that (9) When we have , relation (9) gives . The latter equality is equivalent to the fact that simplex is circumscribed around and also is equivalent to (5). Applying (8) and (9), we obtain (10) The first author proved that , . If is an Hadamard number, then (we give one of the proofs of this statement in Section 4). Extensive material concerning the numbers and is contained in [6] . Here we note general estimates Certain numerical estimates were provided for concrete . The authors improved some of them in [8] . In the present paper we will give new estimates and systematize the nowadays known material. 
The same result may be also obtained with the use of general formula (4). In our case
In accordance with (4) This coincides with (12) . Let us note that numerator of the latter fraction is always and denominator is always . Moreover, each of these numbers turns to 1 only in the case . This corresponds to the fact that always and if and only if . Let be an axial diameter of . It is clear that , therefore, Since , inequality (11) can be written in the form (13) This reduces to inequality (14) It is easy to see that (14) is equivalent to a system . Consequently, we have each of inequalities (14), (13) , and (11).
It remains to note that constant from the right-hand side of (11) is exact. Indeed, if i.e., then each of inequalities (14), (13) and (11) becomes an equality.
Graph of the function for is presented on Fig. 1 . 
Clearly, Therefore,
From (15) . Validity of (H1) for yet is not clear, but computations presented in [8] mean that in four-dimensional case this hypothesis seems to be true.
The application of the relations (see (9) ) yields that in the case the condition immediately gives . Therefore, statement (H1) is valid for all having a property . In particular, this set contains such that is an Hadamard number (see section 4), but not only these . For instance, we will show further that consequently (H1) for is true. Obviously, (H1) follows easily from (H2). Denote by minimal such that (15) is carried out for any nondegenerate simplex . In other words, is an exact constant in the inequality Statement (H2) is equivalent to the following property: for any ,
Supremum in (16) is taken upon the set of simplices contained in such that . In the present paper, the definition of is free from the condition noted in [5, 6] , and [8] . This change affects only on the value of . By theorem 1, now we have . For , it follows from theorem 2 that . If has a property , then . Specifically, this takes place then is an Hadamard number greater than 2.
In paper [8] , with the use of computer methods we get (this confirms the conjecture of the first author stated in [5] ). Computations allowed to make an assumption ( ) 1
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In the present paper, we will show that . ; therefore, we have . Here we give a certain proof of this fact different from the proofs from [5] and [6] . Now our argument is closely connected with Hadamard matrices. Additionally we note some other information about simplex .
IF IS AN HADAMARD NUMBER, THEN

Theorem 3. Let be an Hadamard number and let be a regular simplex inscribed into the cube . Then .
Proof. Using similarity reasons, we may solve the problem for the cube . Since is an Hadamard number, there exists a normalized Hadamard matrix of order , i. e., such that the first row and the first column consist of 1's (see [9; chapter14] ). Let us write the rows of this matrix in reverse order. The turned-out matrix also is an Hadamard matrix of order . Let be an -dimensional simpleх with vertices written in rows of in the first positions.
The vertices of coincide with certain vertices of . Hence, this simplex is inscribed into the cube. Note that is regular simplex and the edge-length of is equal to . Actually, suppose are two different rows of . Since consists of , we have . Pairwise orthogonality of rows gives Denote by and the vertices of which appear respectively from and after deleting the last components equal to 1. It is clear that -dimensional length of vector coincide with -dimensional length of vector , i. e., is also equal to .
Let be basic Lagrange polynomials with respect to simplex . It follows from an equality that coefficients of polynomials are contained in the rows of . Free members of these polynomials stay in the last column of and thereby are equal to . It means that free members of polynomials are equal to . Therefore, for any , we have
Coefficients of polynomials are equal to . Consequently, for each , vertex of the cube such that is unique. In fact, vertex is defined by the equalities , where are the coefficients of . Now compute using formula (4) with instead of . As well as (4), this formula follows from equality (2) for an arbitrary convex body . Combining with the above, we obtain Assume that is the regular simplex inscribed into which corresponds to under similarity transformation mapping into . Then we have Hence, if is an Hadamard number, then . Recall (see (10) ) that for each we have an opposite estimate . Thus, Coefficient of similarity corresponding to the transformation of into is equal to , so the length of an arbitrary edge of is equal to .
The relation implies that simplex is circumscribed around the cube . Our argument also shows that every -dimensional face of contains the only vertex of . Therefore, simplex is circumscribed around in the same manner. It means that and . These equalities also follow from the estimate in combination with Finally, we can also get the equalities and using the fact that regular simplex inscribed into has maximum volume (see [10] ). For an arbitrary simplex in of maximum volume, all the axial diameters are equal to 1. This property of maximum volume simplex first was proved by Lassak [11] ; also this follows from (6) (see [6; §1.6] ).
The proof is complete. In paper [5] (see also [6; §3.10]), the first author conjectured that proposition inverse to Theorem 3 is also valid: if then is an Hadamard number. In this connection, the following hypothesis was given in [5] stating necessary and sufficient conditions for to be an Hadamard number. This hypothesis (2011) was formulated in terms of homothety of simplices contained in .
(H3) Natural is an Hadamard number if and only if . However, later on it became clear that the proposition inverse to Theorem 3 and also hypothesis (H3) are not true. Computer calculations made in 2016 by the second author gave an opportunity to establish the existence of such that but is not an Hadamard number. Minimal with such a property is equal to . We will obtain this result in the next section.
THE EXACT VALUE OF
Recall that denotes the cube . 
−λ = = −λ = . (1 0 1 0 1) , , , , t R ( ) By formulae (1) and (6) various , number of vertices of falling on the boundary of may be various. We have found simplices and combining symbolic and numerical computations. For these purposes, we used special computer programs written in Wolfram Language (e. g., see [1, 12] ). ≤ θ ≤ . . ∑
